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Summary

Objectives: In oncological studies, the hazard rate can
be used to differentiate subgroups of the study popu-
|ation according to their patterns of survival risk over
time. Nonparametric curve estimation has been
suggested as an exploratory means of revealing such
patferns. The decision about the type of smoothing
parameter is crifical for performance in practice. In this
paper, we study data-adaptive smoothing.
Methods: A decade ago, the nearest-neighbor band-
width was introduced for censored data in survival
analysis. It is specified by one parameter, namely the
number of nearest neighbors. Bandwidth selection in
this setting has rarely been investigated, although the
heuristical advantages over the frequently-studied fixed
bandwidth are quite obvious. The asymptotical rela-
tionship hetween the fixed and the nearest-neighbor
bandwidth can be used to generate novel approaches.
Results: We develop a new selection algorithm termed
double-smoothing for the nearest-neighbor bandwidth
in hazard rate estimation. Our approach uses a finife
sample approximation of the asymptotical relationship
between the fixed and nearest-neighbor bandwidth. By
s0 doing, we identify the nearest-neighbor bandwidth
as an addifional smoothing step and achieve further
data-adaption after fixed bandwidth smoothing. We
illustrate the application of the new algorithm in a
clinical study and compare the outcome o the tradi-
tional fixed bandwidth result, thus demonstrating the
practical performance of the technique.
Conclusion: The double-smoothing approach enlarges
the methodological repertoire for selecting smoothing
parameters in nonparametric hazard rate estimation.
The slight increase in computational effort is rewarded
with a substantial amount of estimation stability, thus
demonstrating the benefit of the technique for bio-
statistical applications.
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1. Introduction

The hazard rate is a popular function in bio-
statistical applications of survival analysis.
For example, in assessing post-surgery be-
havior of cancer patients, it identifies the in-
stantaneous failure rate by quantifying the
risk of tumor relapse or death as a function
of “time after treatment”. Such an assess-
ment is useful for a rational choice of post-
surgery care procedures. The hazard rate
can be estimated nonparametrically by ap-
plying the concept of kernel smoothing
asin kernel density estimation. An estimator
of the cumulative hazard rate such as the
Nelson-Aalen estimator [1, 2] is convoluted
with a kernel function so as to estimate the
hazard rate.

As in applications of density estimation,
the bandwidth is crucial for the practical
performance of the estimator. The band-
width must not be too large, so as to avoid
over-smoothing and systematic bias, but on
the other hand, it must not be too small, so as
to avoid random noise masking the underly-
ing structure. Since this balancing problem,
often referred to as “bias-variance trade-
off”, varies along the time axis with a vary-
ing density of observations, a variable band-
width offers clear heuristical advantages.
This abstract concept can be put in place
with nearest neighbors, which is a general
classification concept [3]. The nearest-
neighbor bandwidth automatically adapts
for such variability, despite being a one-
dimensional parameter, namely the number
of nearest neighbors.

Our aim is to establish, for our setting, a
bandwidth selection algorithm that appro-
priately maps bandwidth selectors devel-
oped for the fixed bandwidth in density esti-
mation. Such a procedure enables the use of
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the extensive literature on (optimal) band-
width selection in density estimation (for an
overview of the latter, see [4]). As an
example of this strategy, for which we have
coined the term “double-smoothing”, we re-
scale the normal-scale rule by [5], which
minimizes the asymptotic integrated mean
squared error for the kernel estimator of a
normal density.

The paper is structured as follows: in
Section 2, we briefly review the principal
concepts of kernel smoothing for density (in
Section 2.1) and hazard rate (in Section 2.2)
estimation with special emphasis on the
nearest-neighbor bandwidth. In Section 3,
double-smoothing is introduced by general-
izing the bandwidth (in Section 3.1) and ap-
plying an optimal selection procedure to the
fixed bandwidth (in Section 3.2). In Sec-
tion 4, we demonstrate the application of the
method in an oncological study. In the
example of a data set covering melanoma
patients (with censoring), we identify sub-
groups uniformly ordered in risk over time.

2. Kernel Smoothing
2.1 Density Estimation

Nonparametric functional estimation can be
used for a variety of purposes. In density
estimation, it can visualize the intrinsic
structure of the data. It can also be used for
model selection or model checks and to
identify subgroups within a data set. In
order to illustrate the basic concepts, let us
first consider the simplest example of den-
sity estimation via nonparametric kernel
smoothing, utilizing the estimator proposed

by [5]:
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observations X, ..., X, with density /() is
convoluted with the kernel K(-) in order to
obtain a smooth estimate of /(). The second
equality is aresult of the Stieltjes-integral in
the first representation [6]. The empirical
mass of each observed value is distributed in
its neighborhood with a length b. For a given
kernel K(-), the bandwidth b is the only un-
known parameter. It determines for which
region the empirical mass of each observa-
tion of 1/n is considered to imply a positive
density (or equivalently, at which distance
from x, observations contribute empirical
mass to //(x)). The amount of contribution
is determined by the kernel function K(-),
but was shown to exert only a negligible
impact on the practical performance of
the estimator (see, for example, [6]). We
use the popular bi-quadratic kernel, K(x) =
it (1= x%)? I y5(x), throughout the article
due to its compact support which is a com-
putational advantage compared to some
other kernel functions. In contrast to the
Gaussian kernel, the calculation of kernel
weights in (1) is only necessary for a small
portion of the data points.

In the classical approach the bandwidth b
is constant. Thus, varying numbers of obser-

vations are used in the estimation procedure
at different points x, namely, many for high-
density areas and few for low-density areas.
This leads to the well-known bias-variance
trade-off in selecting the fixed bandwidth.
In order to overcome this problem, [7] intro-
duced a variable bandwidth R,"V(-) using a
constant number of neighbors instead of a
constant window width for the density esti-
mation. A formalization of the k"-nearest-
neighbor bandwidth with the empirical dis-
tribution is shown in Figure 1 (Eq. 2).

This clarifies the way the bias-variance
trade-off is accounted for. The estimate of
the cumulative distribution function deter-
mines the window width and adjusts for
smaller bandwidth in high-density areas and
larger bandwidth for low-density areas. We
apply this bandwidth to define the variable
density estimator (see Eq. 3 in Fig. 1).

This estimator should not be mixed up
with the original nearest-neighbor estimator
that used the nearest-neighbor distance
around x as bandwidth. The kernel estimator
with a fixed bandwidth b and with a nearest-
neighbor bandwidth R,V (X;) — but not with
a local bandwidth b(x) [8] — result in den-
sities which integrate to one.

A problem with the fixed bandwidth b
occurs when data are incomplete, for
example, due to the right-censoring of ob-
servations, as frequently encountered in sur-
vival analysis. Whereas there is no obvious
way to account for this situation when
choosing a fixed bandwidth, the definition
of the nearest-neighbor distance (2) can be
extended to censored data by replacing the
empirical distribution F,(-) by the product-
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Equations 2-4

limit estimator of the survival function S,,(-)
[9]. The latter is the best nonparametric esti-
mator that is invariant under monotone
transformations, as has been suggested by
[10] (see Eq. 4 in Fig. 1).

2.2 Hazard Rate Estimation

It is well known that any absolutely continu-
ous probability distribution can be stated
equivalently in terms of the density or the
hazard rate. Ideas developed in the context
of density estimation can thus often be
transferred to the setting of hazard rates [11]
in survival analysis. We now take account of
the typical setting in survival analysis,
namely randomly right-censored observa-
tions [12]. The i.i.d. sample of survival
times 77, ..., T, is no longer observable, be-
cause, for each survival time 7}, a random
censoring time C;, i = 1,..., n, may prevent
the observation of 7; if C; < T.. Survival and
censoring times are assumed to be stochas-
tically independent. We observe X, =
min{7;, C;}, i = 1,..., n, which are non-
negative random variables, i.e. X; >0. Addi-
tionally, we know whether an observation is
a survival time or a censoring time, that is
we observe the censoring indicator §; =
Iy, i=1,..,n. A convention is that the
ordering of censoring indicators & follows
that of the corresponding observations X;.

The estimation of the hazard rate 4(-) of
the survival times 7; is of interest. With re-
spect to the kernel estimation of this hazard
rate from censored data, instead of smooth-
ing the empirical distribution F, to obtain an
estimate of the density f, one can analo-
gously smooth the Nelson-Aalen estimate
of the cumulative hazard rate,

: 20
H,(): ,-,%:S_Kn——z#l’ ©
to obtain an estimate of the hazard rate [13].
Combining the estimator with the nearest-
neighbor bandwidth (4), the variable kernel
estimator for the hazard rate becomes like
can be seen in Figure 2 (Eq. 6).

The strong consistency of this estimator
is given in [ 14] and by a more general proof
in [15]. We must compare this proposal to
the classical estimator with fixed band-
width, 1.e. with
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but first study the bandwidth selection prob-
lem for these two estimators.

3. Bandwidth Selection

The aim of this section is to determine an
optimal selection of the number of nearest
neighbors needed to calculate the hazard
rate estimate (6). The selection of the fixed
bandwidth needed in (7) is a part thereof.

The idea is to start with a fixed band-
width. We then increase the bandwidth at
loci where data are scarce and decrease the
bandwidth where data are dense. This is
achieved by multiplying the fixed band-
width b with the inverse of the density /().
The bandwidth is now variable. Unfor-
tunately, it is unknown, due to the unknown
density, but we can estimate b/f(x) by means
of the nearest-neighbor bandwidth using its
asymptotic property shown under mild as-
sumptions [16],

L@
2nf (x)

Hence, R,Y(x) is a consistent estimator for
b/f(x), if we set k equal to 2nb.

There is one disfigurement with this
idea. Obviously, because the factor 1/f(x) is
usually greater than 1, some scaling is
needed to ensure that the bandwidth will not
generally increase. To this end, we look at
the similarity between the fixed and the
nearest-neighbor bandwidth from a theo-
retical perspective.

[ dind

R (x)

3.1 Theory

We now define a general bandwidth includ-
ing (i) the nearest-neighbor bandwidth for
censored data and (ii) the fixed bandwidth.
In so doing, we replace the distribution
function estimator in (4) by a more gen-
eral monotone stochastic ¥,(-), named
“smoothing process”(see Eq. 9 in Fig. 3).
In the case of the nearest-neighbor band-
width, the bandwidth parameter p equals the
number of nearest neighbors divided by the
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number of observations. The fixed band-
width is embedded in the generalization
with the following choices of ¥,(-) and p.
For any c and d and
¥ (x)y=cx+dandp:=|c|b (10)
it is like can be seen in Figure 3(Eq. 11).
Hence, the fixed bandwidth can be inter-
preted as a generalized bandwidth with re-
spect to a deterministic smoothing process,
a linear function. The fixed bandwidth, in
particular, is a coarse simplification of the
nearest-neighbor bandwidth, if we think of
the linear function as a linear approximation
of the distribution function. In the nearest-
neighbor bandwidth, the distribution func-
tion is more appropriately estimated from
the data, namely by use of the product-limit
survival estimator — in the role of ¥, (-).
With respect to the scaling problem, in-
stead of using the asymptotic relationship
(8) between the k-nearest-neighbors band-
width R,*(x) and b/f(x), we use the link
supplied by the generalized bandwidth (9).
We will now consider fixed bandwidth
smoothing as a plug-in estimation, assum-

ing a uniform pilot distribution. Such a view
is justified, because asymptotically, the
nearest-neighbor bandwidth does not de-
pend on time x, if and only if, the distribu-
tion is uniform.

The question is: what slope c of the linear
function is associated with the fixed band-
width? By choosing the slope, we can use
the bandwidth parameter for the fixed
bandwidth p = | ¢| b - see definition (10)-
as bandwidth parameter &/n for the nearest-
neighbor bandwidth.

The parameter c is the slope of the linear ap-
proximation for the distribution function, de-
scribed by ¢x + d in (10). In addition to the
slope of the linear function, we must specify
the intercept d. In survival analysis, the inter-
cept can realistically be assumed as 0, because
a positive intercept models the atypical situ-
ation of a hazard rate of 0 near the origin.

A linear distribution function, hence a
uniform distribution, has a right boundary
7. The relation to the slope is given by ¢ =
1/y. We need a specification of 7, including
possible censoring. The relation to the
mean, being /2 ¥, facilitates solving the con-
siderably easier first moment estimation. As

R (x)= sup{r >0:

’
=supsr>0:|-2¢c—
p{ ‘ 2

{egfra i)

Slclb}=sup{r>0!lc|r:|c|b}:b (11)

Slclb}

Fig. 3 Equations 9 and 11
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a generalization of the sample mean for
right-censored data, we estimate

= 2-[TR$ xdF,(x)
with the Kaplan-Meier estimator F, (x) =
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with S, (Xp): = 1.

The number of nearest neighbors cor-
responding to a fixed bandwidth b is then

. {”—b} (12)
7

where the Gaussian brackets [-] are taken to
ensure that £ is an integer.

Due to the two steps involved in the
smoothing, i.e. starting with a fixed band-
width and then adjusting the smoothing by
modulating the bandwidth, we coined the
term “double-smoothing” for this approach.
We apply the approach in the next section to
kernel hazard rate estimation under random
censoring.

3.2 Example

Many examples of the general procedure
are conceivable. We follow [17] in hand-
ling the optimal fixed bandwidth selection
for the hazard rate estimation. In contrast
to minimizing the mean integrated squared
error, which must be infinite for hazard
rate estimates, we include an explicit
weighting function to focus on the mean
integrated weighted squared error. The
weight function proposed by [17] trans-
forms the mean integrated weighted
squared error for the hazard rate into the
un-weighted mean integrated squared
error for the corresponding density. The
use of this weight function is linked to our
problem of bandwidth selection. The band-
width should facilitate the use of an appro-
priate number of observations for esti-
mation at different time points and the dis-
tribution of the observation is governed es-
sentially by the density.
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Optimal selection methods for fixed
bandwidth density estimation have been
identified and implemented in the literature.
For a comprehensive overview, see [4]. As
an example of an optimal fixed bandwidth
selection for density estimation, we apply
the normal-scale rule, for which Silverman
has introduced the term “rule of thumb” (see
e.g. [18]). Specifically, the fixed bandwidth
is chosen to minimize asymptotically the
mean integrated squared error in kernel den-
sity estimation for normal data. The pro-
cedure dates back to [5] but is still appealing
for problems where the smoothness of the
curve to be estimated resembles that of the
Gaussian density and because of its com-
putational simplicity. The optimal band-
width is given explicitly by

sfﬁj'k K(2)dz
3(_‘.]R 2K (2)dz)*n

and only depends on kernel-specific con-
stants, on the sample size n, and on the esti-
mate of the standard deviation &. For our
choice of the bi-quadratic kernel, we have

oK' @dz=3 and [ 2*K(2)de=4

[6]. For censored data, we can estimate the
variance by

6= [, (= [, wd01=8, )P d(1-8,)).

The implication for the number of near-
est neighbors is obtained by summarizing
the outcome of the double-smoothing ap-
proach for hazard rate estimation using the
fixed bandwidth (13). The normal-scale
rule for the fixed bandwidth inserted into

A
5

s (13

nsr o __

(12) suggests the use of
kT = [”b; } (14)
4

nearest neighbors for kernel hazard rate es-
timation using the nearest-neighbor band-
width. For the fixed bandwidth hazard rate
estimator (7), we will use the normal-scale
rule (13).

4. Clinical Application

Subsequent to an epidemiological study on
risk factors for skin cancer, a follow-up of
the case group of this large multi-center

case-control study comprising melanoma
patients from seven countries was con-
ducted [19, 20]. Complete information on
the vital status was available for 542 patients
(= 95% of the original case group) with a
median follow-up time of 73 months. Alto-
gether, 184 patients died during the follow-
up period, which translates into a degree of
censoring of 66%. The primary aim of the
investigation entails assessing the effect of
different vaccinations on the survival of
melanoma patients [21], and the secondary
aim consisted of evaluating the prognostic
relevance of a variety of tumor-specific
characteristics.

For the purposes of illustration, we focus
on the role of ulceration of the tumor prior to
the surgical removal of the tumor lesion.
Previous studies have identified ulceration
as one of the most powerful predictors of
survival among melanoma patients [22], but
temporal changes of mortality risk have not
been analyzed so far. In our study sample,
119 patients in the case group had ulcerated
tumors prior to surgery. The Kaplan-Meier
estimate of this subgroup is consistently
lower than that of the subgroup without ul-
ceration (see Fig. 4), and the difference be-
tween the two curves is statistically signifi-
cant with a p-value <0.0001 for the log-rank
test.

Apart from the finding that the overall
risk is different, more detailed information
might be desirable. The hazard ratio com-
pares the hazards between the two groups, if
we assume the hazard rates to be propor-
tional. According to our data, using the
semi-parametric Cox regression, the death
hazard for the patients with ulcerated tu-
mors is approximately three times higher
than the hazard for the non-ulcerated pa-
tients. As a benchmark, the corresponding
hazard rates for a Weibull baseline model
are indicated in Figure 5. However, the pro-
portional hazards assumption in the Cox re-
gression is critical so that a semi-parametric
possibility is to allow for time-dependent re-
gressor coefficients of a particular form
[23]. We use the fully nonparametric option
of kernel smoothing.

Figure 5 shows the hazard rate estimates
of the two groups based on (6). Using rule
(14) results in &= 61 nearest neighbors in
the presence of and in ™" = 281 nearest



neighbors in the absence of ulceration. Ad-
ditionally, the fixed-bandwidth estimate (7)
with normal-scale rule (13) is displayed,
normal-scale rule (13) requests a bandwidth
of b™"=963 in the presence and o™ =606 in
the absence of ulceration. Furthermore, the
estimate with nearest-neighbor bandwidth
chosen by cross-validation is displayed, here
the approach results in £ = 19 nearest
neighbors in the presence and £ = 29 near-
est neighbors in the absence of ulceration.
The inclusion of the last two estimates
allows the investigation of the properties of
the double-smoothing in this example. By
looking at the fixed-bandwidth estimate the
additional smoothing using (6) can be as-
sessed. Since cross-validation represents an
option of directly selecting the number of
nearest neighbors in hazard rate estimation,
the consequences of replacing the direct by
an indirect selection procedure can be
studied. The cross-validation approach
maximizes the modified likelihood cri-
terion, as discussed by [24] (for computa-
tional details of the implementation of this
cross-validation approach, see [25]).

From Figure 5, it is evident that, over the
entire follow-up period, patients with ulcer-
ated tumors have a higher risk of dying com-
pared to those without ulceration. Even sev-
eral years after the excision of the tumor,
there is still a substantially higher mortality
risk for those with originally ulcerated tu-
mors who survived up to that point in time.
For the Cox model, this effect is implied by
the assumption of a constant hazard ratio;
only the nonparametric estimates really
allow this interpretation. Another interest-
ing feature that can be seen in the hazard
rates refers to the different risk dynamics of
the nonparametric estimates over time.
There are substantial differences in the as-
sessment. For instance, the cross-validatory
estimate swings heavily for both groups.
This dynamic must be questioned from a
medical perspective. As mentioned in [26],
cross-validatory bandwidth selections yield
a high variation, that is, they are highly de-
pendent on the specific data set and under-
smoothing — as probably present in the case
at hand — occurs frequently. On the other
hand, the fixed-bandwidth estimate is not
that different from the estimate obtained by
double-smoothing. Only the arched shape of
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the hazard rate for the group without ulcer-
ation is disturbing and medically not plaus-
ible. The estimate resulting from the double-
smoothing approach does not reveal such
behavior in this group. The curves for the
group with ulceration yield only minor dis-

crepancies. Overall, the hazard rate esti-
mates constructed by using estimator (6) led
to smooth curves that did not contradict
medical knowledge of typical mortality risk
time patterns in melanoma patients during
the first years after tumor excision.

hazard
rate
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Fig. 5

Hazard rate estimates for
survival with melanoma
in the presence of ulcer-
ation (gray lines) and in
the absence of ulceration
(black lines): i) double-
smoothing approach
(solid bold lines), ii)
fixed-bandwidth estimate
using the normal-scale
rule (solid thin lines),
and iii) nearest-neighbor
estimate using cross-vali-
dation (dash-dotted i
lines). The parametric 00000
estimates (Weibull) with o

a constant hazard ratio
of three are indicated
(dotted lines).
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5. Discussion

In this paper, we advocated the nearest-
neighbor bandwidth in kernel hazard rate
estimation, especially in the survival-analy-
sis scenario of censored data. We demon-
strated that the nearest-neighbor bandwidth
approach can be regarded as additional
smoothing after fixed-bandwidth smooth-
ing. This led us use the term “double-
smoothing” to refer to our procedure which
offers a fast-selection algorithm for the
number of nearest neighbors based on selec-
tors for the fixed bandwidth. As the actual
choice for the fixed bandwidth in our
double-smoothing illustration, we used the
popular normal-scale rule from [5]. Any al-
ternative choice for a fixed bandwidth, e.g.
the use of optimal plug-in bandwidths as
discussed in [27] is also possible, but was
not considered here, as it does not contribute
to the evaluation of the double-smoothing
procedure and complicates the selection
procedure. It is, however, one of the advan-
tages of our approach that ideas can be
drawn from the vast literature on optimal
bandwidth selection for density estimation,
in order to choose the smoothing parameter
in the kernel estimation of the hazard rate.

We observed that, by construction, the
nearest-neighbor  bandwidth  reduces
boundary effects as compared to the fixed
bandwidth, namely, the bias is reduced. This
is especially useful in survival analysis
where the origin is a systematic boundary.
Although, for the fixed bandwidth, bound-
ary modifications of the kernel function
(see e.g. [28]) are a possible means of eradi-
cating the problem, the use of the nearest-
neighbor bandwidth offers a solution that
reduces the necessity for such modifica-
tions.

Cross-validation is a popular method for
selecting the smoothing parameter in kernel
estimation. The comparison of our double-
smoothing method with a cross-validatory
bandwidth selector of the nearest-neighbor
bandwidth was conducted in an extensive
simulation study using the exponentiated
Weibull family as a benchmark distribution
[29]. The results confirmed the known dis-
advantage of cross-validation methods
yielding highly variable bandwidth selec-
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tors [26]. Compared to a cross-validatory
choice, the double-smoothing approach re-
sulted in estimators with similar bias, but
decreased variance in most situations. Thus,
the findings from the simulation study
further support the double-smoothing tech-
nique.

In order to assess the practical applicabil-
ity of our bandwidth selection, we investi-
gated the performance of the method in a
clinical study from the oncological field.
Notwithstanding the need to interpret the
shapes of the estimates for moderate
samples very cautiously — an inherent prob-
lem for all applications of nonparametric
curve estimation — we found that the meth-
odology could easily be implemented in
such survival analysis applications. The
hazard rates estimated using the double-
smoothing methodology displayed the
structure of the survival data and yielded
useful insights into changes in mortality risk
over time. Apart from exploratory statistics
further developments are conceivable, es-
pecially in computational statistics. The
case study suggests that applying the
method to survival analysis, for example,
may improve the L'-Wassermann distance
used for survival trees [30].
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